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timates are established. On the basis of computational complexity the collocation-Galerkin method is intermediate between the Galerkin method and the collocation method. It has an advantage over the Galerkin procedure for the same space in that the integrals involve the product of the approximate solution and a piecewise linear function, thus the integrals are simpler and, of course, there are fewer of them. Also, the continuity conditions on the approximate solution are weaker than those required of the collocation approximation defined by Prenter and Russell [5] .
In the following section, the collocation-Galerkin method is defined and existence and uniqueness are shown using some semidiscrete bilinear forms. In the last section, the error analysis is presented. The analysis consists of reducing the problem to some one-dimensional problems for which the results of [3] can be applied.
The Collocation-Galerkin Method. Consider the boundary value problem -A77 = /, on Í2, u = 0, on oil, where Í2 = (0, 1) x (0, 1). We shall assume that there exists a unique u and that it is sufficiently smooth. Let i£j, ... , i£r_j and positive co,, ... , cor_x be the unique choices such that
That is, <px.tpr_x are the roots of the Jacobi polynomial Jr_x of degree r -1 on For g G //*(/) such that g" is defined on each I¡,
If g, VE M0, relationship (2) and integration by parts imply that
Notice that if p E P2r_2(0, 1), then p(x) = P2r-2 ' J2-i(x) + Q(x)' where P21--2 is me coefficient of x2r~2 in p(x), and 17 G P2r_3(0, 1). Then it is straightforward to show that
From this relationship it follows that if g E M0, then (6) î(g,g)>$ï0g2(x)dx.
When considering functions of more than one variable a subscript, x or y, will be used to denote the variable to which the bilinear form is being applied. Bilinear forms on the two variables are formed by taking tensor products of V and I. From (4), it follows that M= (Z0®z0)©(Z0®M0)e(Mo1 az^eiMo'SM^N, ©w2©w3eN4.
Thus, for F G M there are unique Vm E Mm, m = 1, ... , 4, such that V=VX +v2 + v3 + v,.
And for g an L2-function defined on all of Í2, let
The other bilinear forms Vx ® I and Jx <8> Vy axe similarly defined. Using these bilinear forms, a related variational approximation is defined. Let W E U be the solution to
It follows from the definition of the bilinear forms that U E M, the solution to Error Analysis. As before let u denote the solution to the boundary value problem (1) and U E M the collocation-Galerkin solution to (7). In this section, estimates for 77 -U are derived. Those estimates are given in the following theorem.
Theorem. Let u be the solution to (1) and U E M the collocation-Galerkin approximation to u defined by (3) . 777e7i, ifu is sufficiently smooth, there exists a constant C independent of h and u such that \\u-U\\ 2+A||ii-tf|| l<Ch*\\u\\ " K«<r+1.
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Before proving the theorem, some basic estimates are derived. For e = u -U, let \p E t72(£2) satisfy -A\p = e, on £2, \p = 0, on 9Í2, then IHI22 = (e, e) = -(e, A\p) = (Ve, V^) = (Ve, V(0 -x)), x e M¿ ® M¿, using (3.iv). Thus, by Cauchy-Schwarz inequality thus it follows from these inequalities that (9) Hell a<Cfc||e|| ,.
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Therefore, it is sufficient to derive an //¿-norm estimate of the error. In the derivation of this estimate the following lemma, proved in [3] , will play an important role. This system of equations leads to a system of second order two-point boundary value problems, the collocation-Galerkin solution of which corresponds to the solution U of (3). Moreover, U satisfies (H) Vx®ly(U-q,V)+ 1x®Vy(U-q,V) = 0, VKGM.
This fact will play an important role later. Using the bilinear forms V and I, a weak formulation of (10) can be written as (12) \l Vx((u-q), v)dy + JJ lx((u-q)y, vy)dy = 0, Vu EMX.
The choice v = q and the use of relationships (5) and (6) in (12) give j; j; q2x dx dy + j-; j; Q2dx dy < j; p>, q) dy + j; i>y) Qy) dy, from which existence and uniqueness of q follow. Notice that if for any a > 0, bau/bya E H = //¿(ft) n H2(Sl), then da<7/oya G Mx. The estimates of 77 -q axe given in the following bmma. 
In the following lemma, estimates of the difference between U and W are given. Lemma 3. Let U E M be the solution to (3), q E Mx the solution to (12) and WE M the solution to (19). 77?t>77 there exists a constant C independent of h such that where the inequality 2ab < a2 + b2 has been used. With e = lA and e = H, estimate (22) follows completing the proof of the lemma. The Theorem follows from estimates (9), (13), (21) and (22) and the triangle inequality.
